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The morphology of a robot is typically assumed to be known, and data from external measuring devices are used

mainly for its kinematic calibration. In contrast, we take an agent-centric perspective and ponder the vaguely ex-
plored question of whether a robot could learn elements of its morphology by itself, relying on minimal prior
knowledge and depending only on unorganized proprioceptive signals. To answer this question, we propose a
mutual information-based representation of the relationships between the proprioceptive signals of a robot,
which we call proprioceptive information graphs (rt-graphs). Leveraging the fact that the information structure of
the sensorimotor apparatus is dependent on the embodiment of the robot, we use the m-graph to look for pair-
wise signal relationships that reflect the underlying kinematic first-order principles applicable to the robot’s struc-
ture. In our discussion, we show that analysis of the rt-graph leads to the inference of two fundamental elements
of the robot morphology: its mechanical topology and corresponding kinematic description, that is, the location
and orientation of the robot’s joints. Results from a robot manipulator, a hexapod, and a humanoid robot show
that the correct topology and kinematic description can be effectively inferred from their t-graph either offline or

online, regardless of the number of links and body configuration.

INTRODUCTION

Understanding how an embodied agent makes sense of its senso-
rimotor system and learns about its morphology is a question in
psychology, neuroscience, and, recently, robotics. Nevertheless, giv-
ing robots the capability to learn the properties of their bodies has
been a topic addressed in a relatively limited number of works. In
general, this connects to the commonly made assumption that the
actual morphology of the robot, or at the very least, its kinematics,
is always known and requires only calibration routines. However,
such routines require external metrology systems. In contrast, similar
to an approach shown previously (1), we recognize the importance
of a robot’s capability to assess and continuously update the knowledge
about its morphology autonomously. This capability implies that future
embodied robotic agents will have to leverage their sensorimotor
system’s inherent structure to gradually develop an understanding
of their body despite being initially oblivious to its physical charac-
teristics. Incremental learning of the morphology would allow robots
to adapt their parameters to reflect the changes in the body structure
that could result from self-inflicted or externally inflicted actions—
see, for example, Bongard et al. (2). In addition, incorporating com-
plementary sensor modalities akin to touch would enable self-calibration
approaches independent of vision systems (3). Inmediate extensions
could apply to robots with modular topologies that benefit from
self-monitoring and calibration capabilities. Likewise, body morphology
learning could be combined with knowledge-transfer methods to
allow robots with similar topologies to boost the learning of their
bodily structure. In summary, given the importance that learning
the body schema has for robots (4, 5), this work provides a frame-
work for the incremental learning of two fundamental aspects of the
body schema, the robot body topology and its kinematic description.
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An embodied robotic agent must autonomously learn and refine
its body schema as a model representation of the robot’s morphology.
The body schema is mainly built from proprioceptive information
(6, 7) and generally refers to an internal representation of the body,
including the arrangement and geometry of its parts. Adaptive and
self-acquired, the body schema is part of an agent’s internal forward
and inverse models and is used to plan and predict sensorimotor inter-
actions. The robot morphology refers to the mechanical arrangement
and spatial description of the body parts and the type and placement
of sensors and effectors (8). We envision learning the robotic body
schema as a series of learning stages that the robot must go through to
discover core features of its body morphology. These features are part of
the set

S ={N,G A,A0} (1)

whose elements are the number of bodies N in the kinematic chain,
the graph G that describes the sensorimotor interactions that result
from the robot’s embodiment, the adjacency matrix A that captures
the topology—mechanical arrangement of the bodies and joints, its
kinematic description A, and the inertial parameters of the links 0.
Thus, a robot capable of acquiring knowledge of the elements of S is
an agent that builds an understanding of its physical self. An overview
of this process is depicted in fig. S1.

Most of the methods in the research literature to learn and adapt
the body schema of a robot rely on a visual input source from which
the robot can build an understanding of its geometry (9-14). In contrast,
complementary works have explored alternatives to extract body
knowledge using the robot’s perceptual apparatus to find internal
representations (15) and to find and encode sensorimotor maps
(16). Information-theoretic approaches have also been applied to
learn sensorimotor networks based on information flow (17), develop
sensor sensoritopic maps according to Crutchfield’s information
metric (18), and extract knowledge about robot morphology from
sensorimotor regularities (19). Other explored body models include
Bayesian networks (13) and classical kinematic representations (20).
In addition, there are methods closely connected to our present work
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that discuss the advantages of continuous self-modeling from pro-
prioception (2, 21), use graph theory as a formalism to obtain the
dynamic equations of tree-structure robots (22), apply screw formula-
tions in a kinematic identification scheme (23), and search for the
kinematic structure of a serial robot using inertial measurement units
(IMUs) (24).

Although many works address one or more of the learning stages
in fig. S1, to the best of our knowledge, there is a lack of a unifying
scheme that breaches the gaps to define a synergistic integration of
all the learning stages and to produce a fully characterized body
schema from only knowledge about the sensorimotor signals. We
focus on the first three stages of fig. S1 (highlighted in red) and relin-
quish the need for any exteroceptive information (for example, any
form of visual or positional input), depending solely on propriocep-
tion to determine essential aspects of the robot body morphology.
Subscribing to the belief that body structure lies concealed in the rela-
tionships among the proprioceptive signals, we leverage concepts from
graph and information theory to seek a representation of said rela-
tionships that facilitates their study in connection to the physical
laws that govern the body morphology to infer the robot’s topology
and characterize its kinematic description.

Embodiment and information structure

The embodiment of a robot determines its perceptual and behavioral
capabilities and influences the emergence of sensorimotor regularities
arising from body-environment interaction (8). Information-theoretic
quantities have been used to capture these regularities as information
flows between the various modalities in the sensorimotor system
(17, 18, 25-27). To illustrate how embodiment influences information
structure, consider a hypothetical robot equipped with a set of
sensors, depicted in Fig. 1A. From an information-theoretic perspec-
tive, these sensors are information sources that share information
with each other. The strength of these relations is represented graphi-
cally as edges connecting the sensors (light blue edges). As a result
of the underlying embodiment of the robot, stronger connections
between sensors exist (dark blue edges). These strong connections
hint at the robots body topology (Fig. 1B), a tree-like serial kinematic
structure where the stronger exchange of information occurs between
sensors of adjacent bodies. Succinctly, body structure becomes the
hypothesis behind the strength of information sharing.

SFnsor
1A

Connection strength

mi®Z | Information
L ./ exchange

Fig. 1. Embodiment and information structure. (A) Sensors on a robot exchange
information at different strength levels. (B) This strength is associated with the em-
bodiment of the robot, a kinematic tree in this case.
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Inferring connectivity

Network topology inference (NTI) involves discovering and visualizing
relationships among system components, often represented as a
network or graph (28); further details about graph-related terminology
are provided in Supplementary Methods. Measurement-based
approaches for estimating network topology rely on physically moti-
vated and statistical models, including correlation, probabilistic graphi-
cal models, entropy, mutual information (MI), and transfer entropy
(28). Some NTI methods fall under the framework of graph signal
processing (GSP) (29), offering new analysis possibilities (30-32).
Functional connectivity (FC) is an NTI method that uses information-
theoretic metrics to assess dependencies based on probability distribu-
tions of observed signals (33). It can be categorized as undirected or
directed, with the latter focused on exploring statistical causation from
the data (34). In contrast, effective connectivity deals with dynamic
influence among network elements under specific causal models (35).

Robot proprioception

The proprioception of an agent provides the ability to sense the
position, orientation, movement, and force of its body parts (36),
which is fundamental to learning about its body structure. In robot-
ics, proprioception results from integrating various complementary
sensors, for example, encoders, gyroscopes, accelerometers, and
force/torque sensors (37). Apart from the typical measurements of
the robot’s joint position ¢, velocity g, and joint torque T, the use of
IMUs to measure the acceleration ¥ and angular velocity ® of the
robot’s bodies has had applications in state (38) and joint velocity
and acceleration estimation (39, 40), the control of mobile robots
(41), and safe human-robot interaction (42).

The body morphology learning problem

Acknowledging that the negligible knowledge about the robot structure
impedes the determination of the sensorimotor analytic relation-
ships, we used NTI to study the FC among the robot’s proprioceptive
signals by defining the robot’s ©-graph, that is, a graph whose con-
nectivity is associated with the amount of pairwise information shar-
ing. Under the premise that embodiment and information structure
are connected, we analyzed the n-graph and demonstrate how the
robot’s body topology lies encoded in its connectivity. We used the
inferred topology and fundamental first-order principles from dif-
ferential kinematics to determine the orientation and location of the
robot joint axes (namely, its kinematic description). Our proposed
body morphology inference method relies on the assumption of the
type of structure and the awareness of the number and modality of
the available proprioceptive signals but is bound to neither the
knowledge of their hierarchical arrangement nor the location and
orientation of their corresponding sensors. Our work differs from
classical kinematic calibration, in that no previous kinematic model
is considered, and from vision-centered kinematic estimation, be-
cause no motion-tracking systems are required. We applied our
method to a manipulator with 7 degrees of freedom (DoF), an 18-DoF
hexapod, and a 25-DoF humanoid, demonstrating that, if sufficient
kinematic excitation is provided to all bodies, the robot morphology
can successfully be recovered from the n-graph.

RESULTS
A general overview of our proposed framework to learn the robot
morphology is shown in Fig. 2. In the context of our framework, we
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argue that the information provided by the tuple (v, ®) is essential
to complement joint proprioception and reveal spatial properties of
the robot’s morphology. In particular, having a minimum of one
IMU per body in the kinematic chain enables the identification of
mechanical connections between bodies (23, 24). Yet, precise knowl-
edge of the location and orientation of the sensor coordinate frames
is unnecessary. Therefore, our focus lies on robots with N joints
equipped with sensors that record a time series

. ) ) T om
x)=[q"q"t"o] ..oy, v ...V, ] ER 2)
of proprioceptive signals, where g, ¢, and © € R~ and v and @ € R+,

from which »n samples are taken to define the data matrix

@

Motor babbling

Computation of the mutual information

X =[x(t) x(t+1) ... x(t + n)] € R™" 3)

With m = 3 N + 2[3(N + 1)]. Under the fundamental premise that
(assumption 1) the robot is a serial kinematic tree with revolute joints
and that knowledge about the number and modalities of the signals x(£)
is available, yet agnostic to their hierarchical arrangement, the body
morphology learning problem consists of using X to infer the robot’s
body topology and associated kinematic description (location and ori-
entation of its joints axes). To solve this problem, we present a body mor-
phology inference method composed of a sequence of five subprocesses,
depicted in Fig. 2, where (subprocess 1) proprioceptive signals x(t) are
generated from motor babbling and (subprocess 2) collected in a replay
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Fig. 2. Inferring robot body morphology from proprioception. Via motor babbling, proprioceptive signals with high variability are generated. The pairwise Ml from the

signals is used to infer a graph whose adjacency matrix leads to the robot’s body topology and associated kinematic description.
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buffer from which to extract the data matrix X. We use these data to
(subprocess 3) construct a relational matrix WMI that summarizes the
proprioceptive pairwise information sharing. Consequently, (subpro-
cess4) /WMI is used to define a graph G, that reflects the relevant relation-
ships among the proprioceptive signals and helps reveal subsets of them
that relate to bodies and joints in the kinematic chain. Then, we extract
the connectivity between these subsets and represent it as a binary

matrix Af* that summarizes the body topology of the robot. Last, (sub-
process 5) based on the inferred topology, the kinematic description of

the robot is determined by learning a vector A whose parameters express
the location and orientation of the joint axes.

In the following, we review the results obtained from the application
of our framework to robots of different morphology and with movable
and static bases (see movie S1). Details about the experiments are
provided in Supplementary Methods.

The morphology of a manipulator
We tested our method using a simulated seven-DoF Franka Emika
research robot manipulator (43). To allow the learning of the kinematic

parameters A of links proximal to the base (as will be discussed
later), motion to the manipulator’s base was given by adding a virtual
three-DoF joint connecting the base body frame to the world frame.
The joint angle, velocity, torque, link acceleration, and angular velocity
for each of the N + 1 bodies in the kinematic chain were measured,
resulting in m = 69 signals. From these measurements, the data matrix
X was constructed and used to compute the estimated MI adjacency
matrix /WMI (Fig. 3A). This led to the extraction of the n-graph G,
from which two subgraphs were identified, the kinematics sub-
graph Qf (consisting only of kinematics-related signals) and its
associated maximum spanning tree (MST) Qf*, shown together
with its adjacency matrix in Fig. 3 (D and E), with the MST
highlighted in green. The latter is associated with the mechanical to-
pology of the robot and was used to infer it.

To assess whether other state-of-the-art NTI methods are suitable for
robot topology inference, we used X to estimate weighted adjacency ma-
trices using correlation- and GSP-based methods (see Materials and
Methods). Figure 3B shows the comparison between the local structure
of the MST subgraph GX* for the correlation-, GSP-, and MI-based
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Fig. 3. Inferring body structure using the proprioceptive graph. (A) The MI matrix, (B) spectral and (C) Frobenius matrix distances of the kinematics subgraph, (D) the
adjacency matrix of the subgraph G**, and (E) its graph representation. (F) The connectivity of the clusters corresponds to the topology of the robot.
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graphs via the adjacency spectral distance (44) SW. It can be seen that
the number of samples seems to have a null effect on the similarity.
QS;P and gﬁ;‘ appear to share local structural resemblance. In addi-
tion, to determine whether the subgraphs G, GX*, and X, are con-
sistent with the mechanical connectivity of the robot, we looked at
the Frobenius matrix distance (shown in Fig. 3C) between their ad-
jacency matrices and the (binary) ground-truth adjacency matrix
Aﬁ;‘ This distance is more suitable to compare the pairwise affinities
captured by the adjacency matrices. Evidently, the high dissimilarity
of G** shows that it is not suitable for topology inference. Moreover,
although X,
is sufficiently structurally close to Aﬁ: to justify its use to infer the

and GX* share a high spectral similarity, only the latter

mechanical topology of the robot.

The manipulator’s subgraph Ql'\c,[’{, hereafter referred as Qf*, re-
flects important information from its topology. Its edges capture
potential relationships between a rigid body (represented by its an-
gular velocity ®) and its driving joint (indicated by the joint velocity
¢). They also hint at the connectivity between the bodies in the

chain. Consequently, from the edges of G¥*, the body-joint tuples b;

Estimated
ICP vectors ||

(47 @¢) € bs (46, @F) € by (45, @p) € by (44, ®p) € bs (43, @) € bg

(9, @p) Ebg (9, ,4) Eb, (@) E b,
——

root link ( 4)
were identified (depicted as dashed circles in Fig. 3E). This leads to
the conclusion that the body topology is potentially defined by the
following body-to-body connectivity

b, ~b, ~bg~bg~bs~b, ~b,~ Dby

which matches the topology of the manipulator (see Fig. 3F). From
this topology—represented by the binary adjacency matrix A;”*—
and that the only body in Eq. 4 that is not associated with a joint
variable is the robot’s base (body b7 in this case), the direction of
propagation of angular the velocity was deduced to be

Wy > Wy 2O > W > Oy > O > O > O; > O

(5)
With this information, the kinematic description of the robot
was characterized by defining the sensor-to-sensor rotation matrices

{P)ﬁ(C} between an IMU located on a parent body b, and on a child
body b, as well as the orientation of the rota-

tion axes {C1Z.. corresponding to the jth
joint that connects the bodies, together
with their location ({P)?]"{C) r;)—namely,
the elements of the kinematic parameter

i vector A defined in Eq. 17. We estimated
jlp the manipulator’s kinematics solving the
problems in Egs. 13 and 16 via offline
optimization (/):(,ﬂf) and online learning
(Xon). The results are presented in Fig. 4,
where we also included the (offline) esti-
mated kinematics for the case when the
base is fixed. The estimation accuracy,
computed according to Eqgs. 18 and 21, is
shown in Fig. 4 (B and C). When the base
is excited, offline and online estimation
provide comparable results. However,
there is a stark contrast between the re-
sults of a movable and a fixed base. In
the latter, its lack of motion and the robot
having only revolute joints result in in-
sufficient information to estimate the
kinematic parameters of the proximal links.
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(fixed base)
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Fig. 4. The inferred kinematic structure of the Franka Emika manipulator. (A) The structure was obtained via of-
fline optimization, RAMS online learning, and offline with a motionless base. The red spheres in the images represent
the location of the IMUs, and the solid blue arrows indicate the orientation and position of the joint rotation axes,
determined by the JCP vectors (dashed arrows). Comparisons between the real and learned (B) sensor-to-sensor rota-

tion matrices and (C) location vectors.
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This is illustrated in the red highlighted area
in Fig. 4A, where the estimated sensor-to-
sensor rotation matrices and the estimated
joint-center-point (JCP) location vectors
for the first two bodies were inaccurate,
as indicated by the relatively large errors
depicted in Fig. 4 (B and C) (for the fixed
base case). The origin of this problem is
addressed in Discussion.

moffline I(ﬁoatirig)
monline (floating)
offline (fixed)

SC, 5D
SE,SF
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SD; SE

&}
D2y
Q
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Physical experiment

To confirm the results obtained in simu-
lation, we also estimated the body struc-
ture using the real Franka Emika robot
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arm. The inferred morphology is shown in Fig. 5. The motion of the
base, or lack thereof, does not seem to affect the relationships that the MI
is able to determine for the bodies (excluding the base itself, natural-
ly). This is observed in Fig. 5B, where G** contains the correct
body-to-body and body-to-joint relationships (see Fig. 5A). In
contrast, a motionless base does influence the quality of the estimated
parameter vector A—estimated offline in this case—as shown in Fig.5
(C and D). With a fixed base, the proximal bodies lack proper excita-
tion, a fact that is reflected in the incorrect location and orientation of
the rotation axes corresponding to the proximal joints. Yet, when the spa-
tial motion of the bodies is sufficient (as is the case for the distal bodies of
the chain), the estimation is successful. This is observed in the relatively
small errors associated to the distal links. In summary, the topology and
kinematic estimation obtained in the physical experiment are a replica
of those obtained in simulation and are consistent with the actual structure
of the manipulator.

More complex body structures

Further testing confirmed that n-graphs serve to infer more complex
tree-structure topologies. The first scenario contemplated a simulated
PhantomX hexapod robot (18 DoF). The IMU signals are labeled
from 0 to R and joint signals from 1 to 18. The generation and collection
of proprioceptive signals resulted from motor babbling with the robot
on the floor. Contacts occurred between the hexapod, the environment,
and itself; joint limits were sometimes reached. However, our results
show that these events did not hinder the estimation of the n-graph.

Motion of the extremities needs to excite the base of the robot
(through contacts with the ground) so that the observed base accelera-
tion and angular velocity can be used to determine body-body pairings
between the base and its adjacent links. Figure 6 depicts the hexapod’s
estimated topology and kinematic description. As shown in Fig. 6B,
from the subgraph G, the joint-to-body and body-to-body pairings
are identifiable. Using the inferred A%, the parameter vector A was

computed, leading to the morphology shown in Fig. 6C. To assess
the quality of the estimated structure, Fig. 6 (D and E) shows the
estimation errors for the sensor-to-sensor rotation matrices and posi-
tion vectors for the offline and online learning cases. The results
show accuracy on the order of 10~ m for the JCP vectors and a differ-
ence rotation within the order of 107* radians.

A second experiment considered the 25-DoF humanoid Poppy.
The mechanical arrangement of its trunk is such that the intersection of
the joint axes of the two joints proximal to the pelvis and those of the
joints that actuate the robot’s chest (highlighted in yellow in Fig. 7A)
results in virtual two-DoF joints. Figure 7B shows the inferred
topology from the connectivity of G¥*. Albeit mostly coincident
with the robot’s topology (Fig. 7A), the experiments consistently re-
sulted in the MI misidentifying some of the relationships in the torso,
as shown by the two joint velocity signals associated with a single
IMU (red areas in Fig. 7B). Such an effect seems to stem from the
fact that the bodies in the circled areas operate as a unit driven by a
two-DoF joint. This particular joint arrangement has an effect on the
determination of the unique joint-body relationships, because the
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Fig. 5. Experimental results from the robot manipulator. (A) The robot arm equipped with IMUs, (B) its topology expressed by the gf graph, (C) the offline-learned
kinematic description (fixed base), and (D) errors corresponding to the sensor-to-sensor rotation matrices and joint axis location vectors.
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Fig. 6. The hexapod robot. (A) The PhantomX hexapod robot with its IMUs (red spheres), (B) the kinematics graph G, (C) the learned kinematic structure, and errors
in the estimated body structure via (D) offline learning and (E) online learning (blue: difference rotation errors & [rad], orange: sensor-to-sensor vector errors Flm)).

pairs of bodies corresponding to IMUs (sx, sz) and (sy, so) are ill-
defined. In addition, Qf* shows bodies other than the root link (the
robot pelvis) without driving joints, which presents a problem when
using the expressions in Egs. 10 and 12, because the corresponding
joint variables are missing. One practical way to find these missing
joint variables is to refer to the additional connections in the supersed-
ing graph GX to identify other potential driving joint candidates.
Figure S9 shows the MI values between the trunk angular and joint
velocities. Because one of those relationships (®,;, §,5) was unambig-
uously identified, the joint velocity to use in Eq. 12 was determined
using a straightforward elimination process. Last, after resolving the
inconsistencies in the joint-to-body pairings, the kinematic parameter
vector A for the humanoid robot was estimated following the offline
approach. Figure 7C shows the resulting kinematic description. Ac-
cording to the errors depicted in Fig. 7 (D and E), it matches very
closely that of the actual robot.
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DISCUSSION

Our results support that two essential aspects of the robot’s body
morphology, topology and kinematic description, can be learned
from its sensorimotor proprioceptive signals through the analysis of
n-graphs. Furthermore, they show that the MI between these signals
can effectively reflect the embodiment of the robot. The experiments
also confirm that, for body structure discovery, MI-based graph
connectivity inference is superior to other state-of-the-art NTI
methods. In addition, we demonstrated that from the connectivity
of the kinematic proprioceptive subgraph GX, the body topology of
the robot could be extracted and used to deduce the correct depen-
dency relationships in the differential kinematic laws, avoiding un-
necessary tests when learning the kinematic description. The results
showed—except for the fixed-base case—that exteroception (vision in
particular) is optional to estimate fundamental aspects of the body
morphology, and we can prescind from it and still achieve a
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O

improve the estimation of the kinematic

parameter vector A. For instance, multi-
sensor data fusion techniques have been
shown to decrease the noise power of ac-
celerometer readings, thereby enhanc-

o ing the SNR (45).

\,_ ,;H Motion and MI

s'Di:< ~ Incremental learning of the body mor-
s," 5 phology implies that the robot needs to
o SJ determine the connectivity of its n-graph

via joint torque commands that generate
motions to increase the MI between pairs
of relevant proprioceptive signals. Poten-

Error

50,54
S4,8B
SB,SC
SC,SD
S0, SF
SG, SH
SH,SI
87,87
S0, SK
SK,SL
SLySM
SN, SO
S0,8p
Sp,SQ

SD, SE
SF,SG

SM; SN

S0, SR

tially adaptable methods to achieve this
have been discussed recently (46, 47). Un-
expectedly, our observations suggested that
the m-graph can be effectively inferred with-
out using elaborate methods to generate
exploratory motions and relying only on
motor babbling. We suspect that this is re-
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Fig. 7. The humanoid robot. (A) The Poppy humanoid robot with its IMUs (red spheres), (B) the proprioceptive kine-
matics graph GX highlighting the MST that shows the robot topology, (C) the learned morphology, and (D) offline and

(E) online errors in the estimated structure (blue: B [rad], orange: Flm)).

reasonably accurate morphological representation. Nevertheless,
notwithstanding the promising results of the presented method,
certain limiting aspects deserve special attention.

Robot structure and type of joints

Our method infers the morphology of robots defined by a serial kine-
matic tree structure. For other mechanical arrangements, like
those of parallel robots, no guarantees exist about the successful
inference of the topology and associated kinematic description.
Furthermore, we only considered revolute joints with one DoF. As
seen in the humanoid case, joints with multiple DoF can complicate
the inference of the robot’s topology via MI and require additional
search routines and decision criteria to determine the correct kine-
matic relationships.

The influence of measurement noise

We artificially distorted the measurements for all the simulated ex-
periments by injecting zero-mean additive white Gaussian noise
with a signal-to-noise ratio (SNR) of 20 dB. This noise was compa-
rable to that observed from the gyroscope and accelerometer mea-
surements in the physical robot experiment. Tests with various SNR
levels suggested that sensor noise did not affect the estimation of the
robot topology, as shown in fig. S10. However, as expected, noise
alters the estimated kinematic description of the robot because the
estimation quality naturally depends on the quality of the measure-
ments. Sensor noise influences the estimated orientation of the IMU
coordinate frames and joint rotation axes and the location of the

estimated JCPs. Efficient data fusion and filtering techniques can
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S0, SR

lated to the phenomenon that the MI of
signals resulting from random motions re-
flects the relationships associated with the
body morphology. In contrast, structured
motions (regular patterns such as those
corresponding to locomotion or reaching
motions) would obscure these relation-
ships and reflect the information sharing
due to the motion policy itself. Last, handling
joint limits and managing potential self-
collisions in physical robots, especially when
no model is available, is still an open problem limited not only to babbling
strategies.

]
2

SR, SS
S8, ST
SW,Sx

S
w
b
w

ST, SU
S0, SV
sV, Sw

Sampling efficiency and the accuracy of O+ *

The n-graph, the kinematics subgraph GX, and its associated MST G**
are extracted only after the information content of WMI stabilizes (see
fig. S7). As observed in numerous simulation experiments, a large per-
centage of the edges of G** match the actual topology early in the data
collection process (see fig. S8). Furthermore, our analysis suggests
that after about 300,000 samples, the structure of the MST does not
change anymore. However, these results depend on the variability
of the data samples used to compute /M\’MI. Consequently, the sensibil-
ity of the convergence and accuracy of the identified graph to the size
and variability of the replay buffer B and its associated mini-batch
size N are yet to be characterized. Furthermore, it is not immediately
possible to determine whether G* describes the correct robot topol-
ogy. This graph guides the learning of A but is also validated by it while
solving the optimization problems given in Egs. 13 and 16. If there
are body-to-body or body-to-joint relationships in G** that do not
find kinematic validation, an alternative candidate edge needs to be
drawn from G¥ (recall that G&* c GX c G,), and the kinematic vali-
dation needs to be executed again.

Observability of the parameters
As shown in Results, under our proposed scheme, tree-like robots
with fixed bases and proximal bodies whose acceleration and
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angular velocity are either zero or do not span R* will lead to kinematic
parameters that are not observable. The rationale behind this can be un-
derstood by looking at Egs. 10, 12, and 14. It is certainly possible to
estimate the joint axis orientation in the frame of the corresponding
IMU from its measured angular velocity, namely, vector {C}EC in
Eq. 10. However, as illustrated in fig. S6, when it comes to the robot’s
proximal joints to a fixed base, there are limitations on the estimation
of the sensor-to-sensor rotation matrices in Eq. 12 and the joint axis
position vectors in Eq. 14, which determine the estimated JCP. For
example, consider the simple one-DoF robot in fig. S6. Because its
base is entirely immobile, its attached IMU cannot provide informa-
tion neither to find }?j nor to estimate the rotation matrix (/R 1Py
Similarly, the IMU on the first link, having limited DoFs because of
the system structure, can only rotate about the first joint axis &.
From its measurements, the radial vector a to the axis can be esti-
mated, but they are insufficient to estimate the location vector
{C}?j. This is precisely the reason for the errors reported in Fig. 4 (B
and C) (for the fixed base case) and Fig. 5D. This lack of excitation
affects only robots with a fixed base and does not influence mobile
robots as long as enough motion is produced.

Comparison with end-to-end learning

One final area that deserves consideration is the use of end-to-end
learning techniques, neural networks in particular, to achieve sim-
ilar results to those presented here. One work that illustrates this
philosophy (24) retrieves structural kinematic information from the
variations in the measurements from IMUs randomly located on
the body of serial manipulators. The measurements are fed through a
convolutional neural network (CNN) trained on samples from a
platform that generates serial manipulators of different kinematic
properties. This work exemplifies some of the caveats that using
neural networks would have. On the one hand, supervised learning
techniques would necessitate a pool of morphologically characterized
kinematic trees from which to learn; on the other, these would
need to be varied enough to capitalize on the interpolation power of
supervised techniques. For instance, CNNs were trained with more
than 100,000 samples of only serial manipulators and achieved a
success rate of 80% when identifying the structure. Considering
tree-like structures would demand a far more extensive training set.
Take, for example, 1 bodies. According to Cayley’s formula (48), there
are m™ > possible tree-like robots that could be formed, each of
which could have infinitely many kinematic variations. In contrast,
topology inference based on MI does not rely on such a massive train-
ing dataset.

In summary, our work shows how from complementary proprio-

ceptive signals, we have learned G, Af*, and 2, which are analogous
to the elements G, A, and A of the body schema set in Eq. 1. We also
showed that these elements, provided sufficient excitation, can be
readily learned online. Ultimately, our framework infers and can
continuously adapt the kinematic description of the robot from pro-
prioception only. Such a capability is essential to maintain forward
and inverse kinematic models for different motion planning, con-
trol, and interaction strategies. Last, robots capable of autonomous-
ly and incrementally building an understanding of their morphology
can monitor the state of their dynamics, adapt the representation of
their body, and react to changes to it, for instance, for self-calibration
and fault detection and isolation.
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MATERIALS AND METHODS
Signal collection via motor babbling
This corresponds to subprocess 1 in Fig. 2. Empirical evidence
showed that the robot’s motions must result in proprioceptive signals
with enough excitation to estimate a meaningful MI matrix.
Conventional methods for designing excitation trajectories—see,
for example, (49)—can only be used with body knowledge. In con-
trast, typical examples of body-agnostic exploration trajectories in-
volve maximizing the entropy of the control policy (50). In our
simulated experiments, we used a simple motor babbling strategy
that proved effective at highlighting the morphology-relevant rela-
tionships via ML In particular, each joint received a periodic torque
command 7 defined by

'cj(t) =T [A;sin(0y1) + A,sin(20,t) + A;sin(4m,t)] (6)
with the base frequency wy = 2n/T and Tmax being the maximum
commanded torque. The amplitudes A; were changed at random
every T'= 3 s and adapted to ensure that |A;| + |4,| + |43 = 1.

max[

Data storage

Maintaining a memory of previously seen data samples is done in
subprocess 2 of Fig. 2. The number of data points n required to com-
pute a reliable estimate of the MI between a pair of time series is
large, because it needs to capture the probability distribution of the
signals. If no limitations exist regarding memory, time, or computa-
tion power, the most straightforward strategy is the offline computation
of the pairwise MI values after having sampled and stored a data
matrix X with many points n. However, the computational demand
increases rapidly, because it depends on the number of data points

and the number of pairwise MI evaluations required to build the MI

adjacency matrix /M\’MI, which grows exponentially with the number
of sensor signals. To ameliorate the computational load and to allow
the online estimation of the MI matrix from streaming sensorimotor
signals (and consequently, the incremental estimation of the body mor-
phology), we introduce a replay buffer /3 that can host Ny = 10,000
points. Data storage follows a reservoir sampling strategy to capture
approximately uniformly distributed samples from the data stream
history. At any given point during learning, a minibatch & of Ny =

100 samples can be sampled at random from 3. Using the mini-
batches &, we can incrementally approximate an /M\’MI comparable to
that obtained from a large data matrix X.

Proprioceptive information sharing

Subprocess 3 in Fig. 2 involves the computation of the pairwise infor-
mation sharing among the sensorimotor signals. On the basis of the
connection between embodiment and information structure, our
hypothesis is that properties of the body morphology can be extract-
ed by studying the information sharing among the proprioceptive
signals x(f). For this purpose, information theory has provided model-
free metrics that can capture both linear and nonlinear relationships
between signals. Of particular interest to us is the MI, because it has
been used in different contexts to represent and analyze the relation-
ships between variables (51). The MI between two signals I (X, Y) is
understood as the amount by which a measurement of a ran-
dom variable Y reduces the uncertainty of the random variable X
(52); see Supplementary Methods for further details.
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By computing the pairwise MI between the {x; }:ilgropriocep—
tive signals, an information-based relational matrix W,; € R™"
can be constructed, where its (i, j) entries are given by

(WMI),',J' =I(~x,‘>xj) (7)

Notice that we use the “hat” notation to emphasize that this matrix
is an estimate and there is no actual ground truth. Last, to simplify
the analysis of /WMI, we account for the three-dimensional nature of
the IMUS’ signals and their relation to other body and joint signals
by introducing a contraction preprocessing step Wy, = C (/M\’MI) in
which the blocks from /WMI that correspond to acceleration and angular
velocities are contracted into a single scalar by taking their Frobenius
norm. Complementary details about the contraction process are pro-
vided in Supplementary Methods and fig. S3.

Mechanical connectivity and Ml

Subprocess 4 in Fig. 2 takes as input the contracted MI matrix Wy,
to infer the robot topology. Our problem is centered around the
study of the FC among the proprioceptive signals x;, implying that
we wish to find a symmetric adjacency matrix W. The already found
contracted MI matrix W, serves this exact purpose; it is a symmetric
adjacency matrix that encodes the relationships between the {x;}1",
proprioceptive signals by means of their information sharing,
namely, building the MI matrix is a form of information-based
NTI. Considering that W, is a dense nonnegative matrix, making
its associated graph G,;; a complete graph, we argue that there exists
a subgraph G C Gy;; (with adjacency matrix W), which we denote
as the proprioceptive information graph (n-graph), that meets the
following assumption (assumption 2) that the n-graph is a sparse
graph whose edges represent the most relevant connection among
the {x;}! | proprioceptive signals.

To obtain Wy from W),;, a threshold is needed to prune irrelevant
connections from G, ;. Typically, this is done by manually determining
such a threshold. In our study, we look for the graph’s MST, denoted
W and defined as the set of edges that connects all nodes and whose
edge weight sum is maximal. Its lowest value is used as a pruning
threshold to define a sparse matrix Wy; in other words

(W,),; = max(min(W*), Wyy);)

W, defines the proprioceptive information graph G, whose edges
express the largest information sharing observed among the senso-
rimotor signals.

The found G, is used to explore further properties of the robot’s
body by studying the subgraph G* c G, whose set of nodes corre-
sponds to signals from angular velocity @ and joint angular veloc-
ity 4. Consider a simple serial kinematic chain (see fig. S2A)
consisting of three rigid bodies connected by two joints. Each rigid
body has an IMU, denoted by si.1, s;, and s._1. Because we rely on the
assumption that the strongest relationships existing among the pro-
prioceptive signals reflect the morphology of the robot, we hypoth-
esize that, on average, the MI I4 between the signals of adjacent
bodies is larger than the MI Iy, of signals from nonadjacent bodies.
This implies that

E[I(sp1> 501 > E[I(s14155121)] (8)
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where the operator E[ - ] denotes expectation. Therefore, considering
expression in Eq. 8 and assumption 1 leads to the assumption (assump-
tion 3) that the mechanical connectivity between the bodies in the
kinematic chain (robot topology) could be inferred from the pairwise
MI among the kinematic-related proprioceptive signals in G..

The set of edges in CX represents the large MI values I (@), 4)
between the kth joint angular velocity g, and the jth body angular
velocity o; (see fig. S2B). This reflects the fact that, in a serial kinematic
chain, the motion of a body depends primarily on its driving joint.
Therefore, the entries (WX);x = I(®, ;) define tuples (q;> ®;) that
indicate likely joint-to-body pairings. To determine the tuples that
may correspond to actual physical connections, we identified the
MST of Wf (which we denote Wf*) and identified N + 1 clusters in
GX* on the basis of the edges between body and joint velocities. Ide-

ally, each of the identified {;}}*" clusters represents a body in the

kinematic chain, defined as the tuple (g, o) E b;, Similarly, the
subset of edges associated with the entries of (Wf*)w = I(m,—,(oj)

linking pairs of body angular velocity measurements in G** hints at
body-to-body couplings, namely, the relationships between bodies
in the kinematic chain (also exemplified in fig. S2B). Thus, if a body
b; is represented by a tuple consisting of its corresponding body

angular velocity and the associated joint angular velocity (®;, g,),

then, on the basis of I(®; ®)), it can be concluded that the bodies b;
and b; are connected by a joint. This is expressed as b; ~ b;. Note that
according to the tree-like assumption, these connections not only are
one to one but also can be one to many, that is, a body connected to
several bodies. From this discussion, it can be concluded that WX+
reflects the mechanical topology of the robot. An example illustrating
this process is provided in Supplementary Methods in fig. S4.

Body kinematic description

Subprocess 5 in Fig. 2 finds a kinematic description congruent with
the topology in AX*. The actual existence of a physical connection
bp ~ bc between a parent body bp and a child body b is validated by
evaluating the difference

B¢ = 0¢ — Oc(®p, 4c, 43 T) <€ 9)
between the measured angular velocity of the child body ¢ and

its estimated counterpart @ given by the differential kinematics
expression

~ N nal ar ~op P .o
Bc(@p, e, 4N =" }R{c}(CIc;{ Y 0.8 @ptae 9
J/

o ~ N——
1 2
b (10)
W1
~ AT ~A{C}AT
T=1"ed ¢ 1" (11)

Equation 10 models the propagation of angular velocity from
body bp to body bc under the assumption that their connecting
joint is revolute. The term “1” represents the estimated rotation
matrix (P} R’ corresponding to the orientation of the IMU’s coordinate
system {P} {(():I]1 body bp relative to the coordinate system {C} of the
IMU on body bc. This matrix is expressed in axis-angle form as
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IR ¢)(qs7) = (exp! "5 (expl el (12)

with the terms § € R*and € € R’ being unitary rotation axes and [e]
denoting a vector expressed as a skew-symmetric matrix. Similarly, “2”
corresponds to the estimated rotation axis of the joint that connects
the two bodies, expressed in the coordinate system {C} of the child
body’s IMU. Because Eq. 10 assumes a direction of propagation of
angular velocity for the body-body relationship bp ~ bc, which we
denote as ®p — @, this assumed directionality is considered correct if
the difference given in Eq. 9 is below a threshold value €, where €
accounts for the fact that noise in the IMU measurements hinders
perfect equality. The optimal values for the estimated parameter vector
¥ are found by solving a regression problem minimizing the mean
squared error of Eq. 9 for a subset of samples B C X with cardinality

|B|] < n, that is,

. 1 A~ . A~
min ](;,C=mZkeb,llwc(k)—wc(mp(k),qc(k),qc(k));vllz
subject to yer

(13)

where I' is the constraints set, namely, IPecdl=1,1%d=1and p €
[0, 7). Without knowledge about the robot's mechanical topology,
testing these parent-child relationships represents a combinatorial
challenge in which the problem in Eq. 13 would need to be solved
for every combination of body and joint angular velocities in Eq. 9.
However, as a result of the analysis of the n-graph, only the entries of

the connectivity matrix A f *need to be evaluated, because each entry relates

two triplets of signals (@, Gp> qp) ) bpa ~(®¢, 4¢> 4)9bc. Nonetheless,
two possibilities exist for each body-body relationship: @c — ®p
and ®¢ < ®p. Therefore, two solutions to the problem in Eq. 13
considering both cases are required to determine the actual directionality

by evaluating min I, ](;,P). A sufficient condition to deduce the

direction of propagation is to use the adjacency matrix Af* and
choose as the root of the kinematic chain the one body that lacks an as-
sociation to a joint angular velocity, because this corresponds to the
base link of the robot. Consequently, as a result of the tree-structure
assumption, the direction of propagation of angular velocity can be
directly inferred, and further testing is unnecessary. For example, we
use the hypothetical robot in fig. S4. The root node corresponds to
body b,, implying that the root angular velocity is @, and the velocity
propagation directions are shown in fig. S4D.

At this point, the rotation axes’ location is still unknown. To
completely characterize the robot’s kinematic description, they
need to be translated to the actual location of the physical joint in
the mechanical assembly. For this purpose, we introduce the no-
tion of JCP, defined as the point r; along the joint axis ¢ that is
almost coincidental with the geometric center of the joint me-
chanical assembly. Many kinematically equivalent mechanisms
can have a different JCP (see fig. S5A). Without exteroceptive in-
formation (e.g., touch or vision), it is not possible to unambigu-
ously identify the actual JCP. However, an estimate of the JCP can
be realized by finding the translation of the axes relative to the
associated IMU coordinate frames {P} and {C} of the connected
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bodies. Note that the velocity and acceleration of any point 7; lo-
cated on the actual joint rotation axis { must be the same in
frames {P} and {C} (53) (see Eq. 14a). This means that we can ex-
press the axis translation by defining this point relative to the
IMU frames, that is, by defining two position vectors /¥, and
{C]?j. These vectors are estimated by using the expression for the
propagation of acceleration in a kinematic tree, given in Eqs. 14b
and 14c.

PY3 PIp  {C13
¢ }vj={ R, }vj (14a)

(5= (DaclVocl+[ Vo) 7  (14b)

(P}’i}j — (P)‘-,P _ ([(P}(DP] [{P)(DP] + [(P}(’l-‘,P])(P)?j (14c)

However, because any point 7; satisfying Eq. 14 represents a valid
translation, we introduce a constraint and define the estimated JCP
as follows: The estimated JCP of the jth joint is a point 7; along the
joint axis § that is a valid solution to Eq. 14 and whose location vectors
tP1¥; and ()7, have minimal norms.

The estimated JCP is depicted in fig. S5B. It is worth mentioning
that ("7 and {€17, together with the unit joint axis {P)g{ », areanalogous
to the Pliicker coordinates of the line defining the joint axis relative
to the IMU coordinate frames.

Because the actual angular acceleration @ in Eq. 14 is not measured,
numerical differentiation of the IMU-measured angular velocity (de-
noted ®) is used instead. Determining the estimated JCP implies
minimizing the difference between Eq. 14; in other words

<e

X = AN(CYD ~

vjz{P}R{c}(qc;y){ ]vj—{P}vj_ (15)

Unlike the work in (53), which uses Eq. 15 based only on the differ-

ence of the norms of the accelerations in Eq. 14, we leverage the found

sensor-to-sensor rotation matrices, given in Eq. 12, to have component-
AT (¢} T

[{P}r. ROk ]T
i i

wise equality. Therefore, to determine P; = , we solve

Ty, = (16)

1 A
315] kgs(vj(knz +B(p;. p;)

where § > 0 enforces the minimum-norm constraint for the estimated
JCP vectors.

In summary, the problem in Eq. 13 is solved first to find the orien-
tation of the sensor frames, which are then used to solve Eq. 16 to
find the location of the JCPs. The complete set of parameters de-
scribing the orientation of the IMU frames and the JCPs (and, by
extension, the location of the IMU sensors) is collected in the vector

N AT A(CIn T
A= {Plézq)[C]CZ{P}/’}J‘T{C)?jT (17)

Alternatively, both problems in Egs. 13 and 16 can be solved in
parallel using online learning via mini-batch stochastic gradient descent
with the constraint set I" enforced by adding penalizing terms to the
cost function (for example, a barrier function). Nevertheless, because
the axis vectors belong to the spherical manifold of dimension two
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(& ¢ € S?), we can use the Riemannian AMS (RAMS) gradient descent
method with experience replay (54) to compute the updates to each
Y, without explicitly considering I". The method requires a buffer 3 to
draw mini-batches & of samples at random to generate the Riemannian
updates to ¥j. Such a buffer is already available in our framework. In prac-
tice, for our experiments, we used offline optimization to learn a vector
Ao using standard interior-point constrained optimization with a batch
of 1000 samples taken at random from the data matrix X. Alternatively,
we used online learning to find a vector A, via RAMS gradient descent
leveraging the buffer /3 and mini-batches & of 50 samples.

Alternatives for NTI

To validate the use of MI as an NTI method that leads to the cor-
rect inference of the robot’s mechanical topology, we consid-
ered two alternative NTI methods. The first technique (18) upgrades
standard correlation-based NTI by searching for an inverse covari-
ance matrix with Laplacian (to find valid adjacency matrices Weo,)
and structural constraints (requiring a sparse matrix to reduce the
graph edge density). In addition, we consider a method (55) that
learns a relational matrix Wgsp without prior structural informa-
tion considering the signals in x() as graph signals (28). Wggp is
derived under the assumption that the signals on the graph
change smoothly between connected nodes. We used the Graph
Laplacian Learning (GLL) package (56) to calculate W, with
regularization parameter y = 0.07 and using a matrix W as con-
nectivity prior with zero diagonal elements and ones elsewhere
(denoting lack of structural knowledge). Likewise, the Graph Sig-
nal Processing Toolbox (GSPBOX) from (57) was used to com-
pute Wgsp using o = 0.6, B = 1 (parameters that control the edge
weight magnitude and the sparsity of Wgsp, respectively) and nor-
malizing the required pairwise distance matrix Z between [0, 1].

Kinematic description metrics

Let R (-) and ﬁ( - X) be the actual sensor-to-sensor rotation matrix
and its corresponding estimate from Eq. 12. To evaluate the distance
between the estimates R and the ground truth R, we use Eq. 18 to
compute the angle 8;x—measured in radians—of the difference rotation

(for the kth sample of the jth joint) given by RR'

tr(R(g;()R (g;(k) 1)) — 1
2

d,, = arccos (18a)

'js

8= 26Jk
p

& (18b)

Equation 18 needs to be evaluated for each of the N sensor-sensor
pairs. A similar approach is considered for the JCP location vectors.
We first define the configuration-dependent vector

PP (k)=

7250 = = P17+ R ) () 7 ()

(19)
that expresses the estimated location vector r{z.(k) of the IMU s,
relative to the IMU s, when their connecting Jomt is at an angle
qc(k). Thus, there is a pairwise comparison for each of the j joints in
the tree, that is,
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P (k) - P

peyj peyj (20)

P}ij(k) =|® NI

Consequently, the sensor location error per joint—in meters—for a
set of samples B is simply the average of Eq. 20 over the samples

expressed as
2

keB

TJ' |B| (21)
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