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A U T O N O M O U S  V E H I C L E S

Hierarchically depicting vehicle trajectory with stability 
in complex environments
Zhichao Han1,2†, Mengze Tian1†, Zaitian Gongye1, Donglai Xue2, Jiaxi Xing2, Qianhao Wang1,2, 
Yuman Gao1,2, Jingping Wang1,2, Chao Xu1,2, Fei Gao1,2*

The rapid development of autonomous robots has resulted in marked societal and economic benefits. However, 
enabling robots to navigate complex environments with human-like agility remains a formidable challenge. Un-
like robots, humans excel at pathfinding because of their superior spatial awareness and their ability to leverage 
experience. Inspired by these observations, we designed a neural network to simulate the intuitive pathfinding 
abilities of humans, integrating global environmental information and previous experiences to identify feasible 
pathways. Experiments demonstrated that, unlike traditional algorithms whose efficiency deteriorates in complex 
settings, the proposed method maintains stable computational performance. To further enhance motion quality, 
we introduce a numerically stable spatiotemporal trajectory optimizer with a unique bilayer polynomial trajec-
tory representation in flat space. This optimization leverages differential flatness to enhance efficiency and funda-
mentally eliminates singularities in the original problem, thereby robustly converging to continuous and feasible 
motion even in complex maneuvering scenarios. Our hierarchical motion planner, validated through large-scale 
maze experiments, combines front-end path planning with back-end trajectory refinement, achieving robust and 
efficient navigation. We anticipate that our planner will advance stable navigation for robots in complex environ-
ments, thereby propelling the progress of robotic autonomy.

INTRODUCTION
In the ever-evolving dance of nature, intelligent creatures exhibit an 
unmatched elegance and efficiency in motion planning. Their ability 
to navigate through dense forests or bustling city streets with ease 
and precision exemplifies their exceptional agility and adaptability 
(1–3). This capability contrasts with the challenges faced by modern 
robots, which often falter in complex environments. When con-
fronted with convoluted obstacles, robots can become disoriented or 
immobilized, revealing a lack of practical deployment (4). For in-
stance, a delivery robot in a crowded urban area may freeze or com-
pletely fail to accomplish its task, thus undermining its reliability 
and utility.

Intuitively depicting paths from environments
The disparity between human and robotic navigation is due to the 
superior spatial awareness of humans (5–7). Given a map, even 
young children can intuitively depict a route from start to end. Hu-
mans excel at extracting key environmental features by leveraging 
intuition and experience to identify viable paths quickly (8). This 
approach to path planning allows seamless adaptation to various 
settings, such as navigating the layout of a complex building or an 
open sports arena. In contrast, robots adhere to predefined rules to 
collect samples, strive to comprehend environmental connectivity, 
and subsequently find a path (9). This process is laborious and un-
natural for humans. As the geometric complexity of the environ-
ment increases, robots must collect more samples to understand 
the scene, which reduces computational efficiency. Thus, although 
robots painstakingly piece together their surroundings, humans 

effortlessly perceive and navigate, underscoring a profound dispari-
ty in motion planning capabilities attributed to our advanced spatial 
cognition and utilization of experiential knowledge.

Inspired by these observations, we addressed the path planning 
problem by using a neural network to mimic the process of drawing 
a curve between the start and end points used by humans. This ap-
proach leverages macroscopic environmental information and ex-
pert knowledge to efficiently depict reasonable paths, regardless of 
the geometric complexity of environments. A key advantage of our 
method is temporal stability, which notably enhances the predict-
ability and reliability of the navigation system.

Traditional path planning is often formulated as a combinatorial 
optimization problem, where algorithms typically construct a search 
tree from the starting point by iteratively exploring and sampling the 
low-dimensional configuration space (10–17). These methods fre-
quently underperform in complex environments, resulting in exces-
sive noncontributory sampling and increased computational and 
memory demands. Moreover, achieving high-quality solutions and 
completeness in narrow environments often requires a higher reso-
lution of the state space, leading to a combinatorial explosion, 
degraded temporal stability, and limited real-time performance. Ad-
vances (18–25) have shown that neural networks can effectively 
guide the search or sampling process. However, these approaches do 
not fully exploit the capabilities of neural networks, because they 
fundamentally rely on traditional search or sampling, which makes 
their performance inherently susceptible to environmental complex-
ity, thus reducing temporal stability. In contrast, our model directly 
extracts an initial guiding path from the environment, eliminating 
sampling and search and achieving near-constant inference time. By 
unifying path planning in the image domain, we normalize map 
scales and enhance geometric understanding for more effective ob-
stacle avoidance. Recently, some studies have used generative models 
(26) to learn the spatial distribution of paths, which have been ap-
plied in embodied intelligence and task planning (27, 28). However, 
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the iterative neural network inference required by these methods 
reduces real-time efficiency (29, 30) and thus limits rapid response 
and replanning capabilities on computationally constrained onboard 
platforms (31, 32).

Precisely refining intuitive paths into optimal trajectories
In real-life scenarios, even for humans, the paths intuitively con-
ceived in the mind are neither precisely described nor kinematically 
feasible but instead serve as high-level guidance. During actual 
movement, humans frequently fine-tune these preliminary routes to 
ensure smooth and safe navigation. Consistent with previous studies 
(33, 34), we hypothesize that human navigation operates within a 
hierarchical framework where high-level planning is followed by 
low-level corrective adjustments. For instance, rally drivers main-
tain a general understanding of the intended direction, such as an-
ticipating a right turn after a straight stretch, which serves as 
high-level guidance. They subsequently fine-tune their driving to 
optimize both speed and safety.

Similarly, our neural network functions as a high-level path plan-
ner (front end), focusing on determining approximate topological 
routes. The paths generated by the front end may not be completely 
smooth or feasible, and the kinematic model considered is relatively 
coarse. To enhance this, a powerful trajectory optimization module 
(back end) is required to refine the path generated by the front end 
into a spatiotemporal optimal trajectory, meticulously considering 
the higher-order kinematic constraints of the system. However, ex-
isting trajectory optimization methods for nonholonomic vehicles 
face trade-offs between efficiency, generality, and convergence sta-
bility. Owing to the complexities of nonholonomic kinematics, most 
strategies require a markedly simplified motion paradigm (35, 36) 
or a discrete motion process (37–41) to maintain algorithmic effi-
ciency. Nonetheless, to ensure elevated executability and high success 
probabilities in dense settings, these strategies necessitate refined 
discretization, thereby negatively affecting the temporal efficiency of 
the planning process. In a previous study (42), we used minimum 
energy trajectory representations (43) to model the original trajec-
tory optimization problem in flat spaces, which demonstrates a 
substantial efficiency advantage over conventional discrete motion 
methods through extensive experiments. However, this method en-
counters singularities in its underlying principles, leading to numer-
ical instability that hinders effective convergence to feasible solutions 
in scenarios involving complex maneuvers. Drawing inspiration 
from this study, we used differential flatness for efficient problem-
solving. However, unlike the previous study, we introduced auxiliary 
scale variables and specifically designed a distinctive bilevel piece-
wise polynomial-based trajectory representation to parameterize 
the robot’s motion with respect to scale and the scale variable with 
respect to time. The innovation ensures higher-order continuity of 
motion while elegantly resolving the singularity issues inherent in 
the original optimization problem from a mathematical standpoint, 
thereby substantially enhancing the numerical stability of the opti-
mization process. This enhancement enables our spatiotemporal 
optimization to consistently find feasible and high-quality trajecto-
ries in complex scenarios, whereas the baseline exhibits numerical 
instability and severe constraint violations.

Overall, as illustrated in Fig. 1, we integrated the proposed front 
end and back end to develop a learning-enhanced hierarchical motion 
planning system for nonholonomic vehicles, achieving stable compu-
tation time and optimization convergence in complex environments. 

This study primarily focuses on nonholonomic ground robots, such as 
Ackermann vehicles, but can be extended to other platforms with 
nonholonomic constraints, including fixed-wing aircraft, demonstrat-
ing strong adaptability across diverse environments and robotic sys-
tems. Extensive simulations and comparisons show that our deep path 
planning module decouples computational efficiency from environ-
mental complexity. Our trajectory optimizer overcomes flat model 
singularities, stably converging to spatiotemporal optima that satisfy 
higher-order kinematic constraints, whereas baseline algorithms often 
exhibit numerical instability and violate these constraints.

RESULTS
Experimental overview and setup
To validate the efficiency and temporal stability of our front-end 
method, we conducted experiments using an Ackermann-steer ve-
hicle in various scenarios, compared with other path planning 
methods. The results showed that as the complexity of the scenarios 
increased, our algorithm exhibited a substantial reduction in com-
putation time compared with those of traditional baseline algo-
rithms, highlighting its robustness across various planning problems. 
Furthermore, we refined the paths generated by each front-end 
method using our back-end trajectory optimization. The results 
showed that, compared with baseline algorithms, the initial paths 
generated by our method require considerably less optimization 
time to achieve top-quality trajectories. This indicates that our 
paths, when used as initial solutions, are of higher quality and more 
conducive to optimization. In addition, we extended the path-
planning method to fixed-wing aircraft, demonstrating that it could 
directly plan feasible and safe paths on the basis of environmental 
elevation maps. In terms of balancing quality and efficiency, the tra-
ditional rapidly exploring random tree star (RRT*) algorithm took 
more time to achieve than the proposed method. Subsequently, we 
evaluated the numerical stability of the proposed back-end optimi-
zation method. We compared our trajectory optimization approach 
with recent flatness-based methods and constructed a complex sce-
nario that required frequent forward and backward vehicle maneu-
vers. The results revealed that, owing to the presence of singularities, 
the trajectories planned by the flatness-based method inevitably 
exhibited abrupt changes in velocity. Additionally, these singulari-
ties led to numerical instability during the optimization process, 
resulting in distorted trajectories that did not completely satisfy dy-
namic constraints. However, the proposed method fundamentally 
addresses the singularity issues of the flatness model, enabling us to 
plan safe and completely smooth dynamically feasible trajectories 
even in complex scenarios. Finally, to verify the practicality of our 
planner, we deployed it in a large-scale outdoor maze scenario. The 
results demonstrated that the robot navigated efficiently and safely, 
showing its robustness to previously unseen obstacles and mapping 
errors. In terms of implementation, we trained our network on an 
NVIDIA RTX 4090 GPU, whereas all simulation tests were conducted 
on a computer equipped with an RTX 2060 GPU, an Intel 10700 
CPU, and an Ubuntu 20.04 operating system.

Time stability in complex environments
In this benchmark, the size of the test environment was 20 m by 20 m, 
with a resolution of 0.1 m. To verify the generalization capability, we 
constructed three scenarios shown in Fig. 2A, as follows: (i) random 
forest: approximately 60 irregular obstacles were present in the 
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environment; (ii) dense office: the environment contained randomly 
placed walls with narrow passages slightly larger than the size of the 
robot; (iii) complex ruins: the robot often needed to take detours to 
reach its goal. In each scenario, we randomly generated 10,000 envi-
ronments, and for each environment, 50 sets of start and goal states 
were sampled to construct planning problems. For each problem, 
we discretized the configuration space with high precision and 
searched for an initial coarse curve (44, 45), which was further re-
fined using our trajectory optimization method. Subsequently, we 
uniformly sampled 200 points along each trajectory to serve as the 
ground truth for the supervised training of the front-end network. 

Additionally, we ensured that the environments for the comparative 
experiments were unseen during training.

We compared the proposed method with the classical Hybrid A* 
(11) and the recent THybrid A* (19), which combines neural net-
works with search. Similar to the proposed approach, THybrid A* 
uses a transformer (46) encoder to extract features from path plan-
ning problems. Additionally, all paths generated by the front-end 
algorithms were further optimized using the proposed trajectory 
optimization to enhance their quality. In each scenario, we tested 
1000 previously unseen cases and depicted the paths generated by 
the front-end algorithms, as shown in  Fig.  2A. The output of the 

Fig. 1. System architecture and platform specifics. (A) Algorithmic framework: The front end includes feature extraction, global distribution, and local refinement lay-
ers. The back end is a spatiotemporal trajectory optimizer based on differential flatness, eliminating singularities. (B) Workflow: Initial paths are optimized as ground truth. 
Online inference generates a coarse curve, which is then optimized in space and time, avoiding singularities. (C) Planning results: The hierarchical planner is evaluated in 
dense office, random forest, and complex ruin environments. (D) Platforms: The planner adapts to various nonholonomic platforms.
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path by the proposed model is smoother and closer to the ground 
truth than those generated by the other algorithms. This is because 
our algorithm eliminates the need for searching and directly super-
vises the trajectory generation process using ground truth data, 
thereby imitating the behavior of ground truth trajectories. Further-
more, we quantitatively analyzed the computation time, variance, 
and success rates of various methods. Given that the objective func-
tion of our final trajectory optimization algorithm comprised ener-
gy loss and execution time loss, the means of both losses were also 
measured to evaluate the quality of the final output trajectory. The 
front-end computation time, total planning time, overall trajectory 

cost, and success rate are illustrated in Fig. 2B. More detailed met-
rics are summarized in Table 1.

We observed that the proposed front-end algorithm maintained a 
high success rate and consistently generated paths with low compu-
tation time across various environments. However, other algorithms 
experienced an increase in computation time as the environment be-
came more complex owing to their lack of holistic understanding 
and the processing of numerous irrelevant samples. Although THybrid 
A* uses a network to identify key areas, it fundamentally relies on 
discrete state space search, necessitating numerous permutations and 
combinations in highly constrained environments, which reduces time 

Fig. 2. Temporal stability in various complex scenarios. (A) Experimental environments and planning results. (B) Metrics comparisons using violin plots and bar graphs. 
The total time is the sum of the front-end and back-end time. The total loss is the sum of the energy and time losses from the back-end optimization. The success rate is 
defined by whether the optimized trajectory avoids obstacles. If the trajectory avoids obstacles, the case is considered successful; otherwise, it is considered a failure.
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stability. Moreover, the computation time of the search algorithms 
varied substantially, even within a single scenario, as shown in Table 1. 
This instability complicated performance prediction and affected the 
robustness of the entire navigation system. Additionally, the experi-
mental results demonstrated that our algorithm consistently required 
the least time for optimization across all scenarios and achieved the 
highest trajectory quality. A major reason for this is that baseline al-
gorithms are constrained by time efficiency and memory limitations, 
which restrict the number of discrete samples and result in an inad-
equate representation of the configuration space, thus adversely af-
fecting the solution quality.

Versatile adaptive capability
We verified the compatibility of the front end with another type of 
environmental description known as the terrain elevation map and 
extended its application to large-scale fixed-wing navigation tasks. 
The network took the terrain elevation map as input, leveraging top-
ographical analysis to enhance flight safety. The simulation showed 
that our algorithm found a near-optimal solution in less than 10 ms, 
and the real-world experiment suggested that the network facilitated 
the safe flight of a fixed-wing aircraft.

Here, we considered a common scenario in which a fixed-wing 
aircraft was required to traverse mountainous and hilly terrains, ulti-
mately reaching a target state at a given altitude, as shown in Fig. 3D. To 
highlight the performance of our algorithm in this problem, we com-
pared it with the classical sampling-based algorithm RRT* (13), 
which is theoretically proven to be optimal with infinite samples. 
Considering the minimum turning radius constraint of the fixed-
wing aircraft, we modified the connection between two states in 
RRT* from a straight line segment to a Dubins curve (47, 48). In this 
case, by ensuring safety and avoiding potentially dangerous terrain, 
we aimed for the fixed-wing flight path not only to be smooth and 
short but also to select a lower altitude or flatter terrain whenever 
possible to achieve higher clearance from the ground. Therefore, we 

used two metrics to measure the path: length cost, which quantified 
the path length, and height cost, which measured the elevation of the 
ground. A smaller height cost indicates that the path traversed lower-
altitude terrains, resulting in a higher relative clearance and increased 
safety. From the perspective of the two loss functions, the quality of 
the path directly generated by the proposed model, with a computa-
tion time of less than 10 ms, was comparable to that of RRT*, which 
required computation times that were an order of magnitude longer, 
depicted in Fig. 3C. Real-world experiments demonstrated that the 
flight path generated by the neural network served as effective way-
points to guide the collision-free traversal of fixed-wing aircraft 
across hills, as depicted in Fig. 3E. In particular, this approach al-
lowed the fixed-wing platform to seamlessly cross the saddle point 
situated between the hill peaks, demonstrating its potential to navi-
gate complex environments. Besides, the training environments for 
the real-world fixed-wing experiments were entirely synthetic. The 
data generation process is illustrated in the “Additional information 
on fixed-wing experiments” section of the Supplementary Results.

Numerically stable trajectory optimization
Although the front end rapidly generates a rough path, back-end 
trajectory optimization remains crucial for enhancing its quality 
and ensuring adherence to precise kinematic models and collision-
avoidance requirements. Some existing studies (42) simplify the 
trajectory optimization problem using differential flatness, which 
effectively eliminates the constraints of motion equations, thereby 
substantially increasing computational efficiency. However, this 
modeling approach has inherent singularities that prevent it from 
guaranteeing the complete feasibility of the constraints. For exam-
ple, as shown in Fig. 4B, it relied on inferring the yaw angle from the 
direction of the velocity, which failed when the velocity was zero, 
leading to numerical instability during the solution computation. In 
contrast, we introduced intermediate variables to smoothly remap 
the flat model and designed a specialized trajectory representation. 

Table 1. Quantitative benchmarks in various scenarios. Model time refers to the inference time of the neural network. The time ratio indicates the percentage 
of each method’s total time relative to that of the proposed method.

Front end Back end

Method Search 
time (ms)

Model 
time (ms)

Total time 
(ms)

Time ratio 
(%)

Variance in 
time (ms2)

Optimiza-
tion time 

(ms)

Energy 
cost

Time cost Total cost Success 
rate (%)

Dense office

 Proposed 0† 7.193 7.193† 100.0† 1.755† 27.68† 58.32† 326.3† 384.6† 97.5†

 Hybrid A* 277.1 0 277.1 3852 31232 39.92 67.64 418.3 485.9 79.6

THybrid A* 90.60 4.560† 95.16 1323 4417 35.78 62.42 391.2 453.62 93.4

Random forest

 Proposed 0† 6.896 6.896† 100.0† 1.733† 17.58† 38.18† 218.0† 256.18† 97.9

 Hybrid A* 18.98 0 18.98 275.2 1105 20.58 41.10 234.0 275.1 97.7

THybrid A* 12.58 4.438† 17.02 246.8 1201 19.91 39.20 223.8 263.0 98.6†

Complex ruins

 Proposed 0† 6.830 6.830† 100.0† 1.389† 24.00† 53.37† 302.3† 355.67† 98.0†

 Hybrid A* 156.6 0 156.6 2293 16687 32.71 63.82 364.7 428.52 95.9

THybrid A* 47.72 4.478† 52.20 764.3 1822 30.62 65.24 367.5 432.74 97.9

†Lowest value for each benchmark and scenario.
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This approach ensures efficient optimization and fundamentally 
resolves the problem, allowing stable generation of feasible solutions 
in highly complex environments. We rigorously validated our tra-
jectory optimization algorithm in a challenging scenario that involved 
multiple forward and backward vehicle maneuvers to highlight its 
contributions. The results demonstrated that our algorithm achieved 
better numerical stability and robust generation of feasible solutions 
compared with a powerful baseline differential flat-based (DFB) tra-
jectory optimization method (42) that has been extensively validated 
through experiments.

As shown in Fig. 4A, the testing environment simulated a real-
life parking scenario. Here, this vehicle was instructed to depart 

from a designated starting point and successively approach prede-
termined intermediate points with prescribed yaw angles. Finally, it 
was required to reverse to a specified end point. From Fig. 4A, the 
presence of singular points led to more convoluted trajectories gen-
erated by DFB planning. However, the proposed method produced 
noticeably smoother trajectories. To ensure fairness, the optimiza-
tion time for both methods was set to 100 ms, and the total trajec-
tory time and the kinematic constraints were kept constant in all the 
methods. Given that the baseline method (42) faces computational 
singularity when the velocity is zero, we fixed it at a small value 
(nonsingular velocity) during forward and backward motion and 
analyzed the effects of this parameter. We present curves that 

Fig. 3. Fixed-wing navigation in mountainous terrain. (A) Visualization of fixed-wing flight in Unity3D. (B) Terrain elevation at the path points. The path gener-
ated by RRT* within a limited time was suboptimal, which might cause the fixed-wing aircraft to fly too close to the terrain below, thereby making the flight unsafe. 
(C) Comparative analysis of our method and RRT* at different computation times in terms of height cost and length cost. (D) Terrain elevation map of the planning scene. 
(E) The 1000 m–by–50 m fixed-wing cruise experiment. The fixed-wing aircraft flew along waypoints, avoiding mountain peaks encountered during the flight. The mini-
mum turning radius for the fixed-wing aircraft was 50 m, and the flight altitude was 55 m. A GPS was used for positioning and navigation.
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depicted the variation of velocity v, steer angle ϕ, and steer angle 
rate ω of the planned trajectory over time for various cases, as shown 
in Fig. 4C. These curves intuitively revealed the numerical instability 
caused by singularities. When the nonsingular velocity was 0.1 m/s, 

the steer angle rate constraint of the trajectory could not be strictly 
satisfied. When the nonsingular velocity was 0.01 m/s, the steer an-
gle constraint was also violated, and higher-order steer angle rates 
exceeded the constraints by an order of magnitude. Although a 

Fig. 4. Numerical stability in multiple reversing scenarios. (A) Visualization of planned trajectories. Here, for DFB, the switching speed during the forward and back-
ward motions was set to 0.01 m/s to avoid computational singularities. (B) Visualization of singular point elimination in the flat space. Before the transformation, when the 
velocity of the vehicle was 0 m/s, singular points arose, preventing the calculation of the vehicle’s heading angle. However, by using our bilayer transformation and intro-
ducing pseudovelocity, the magnitude of the pseudovelocity always surpassed a threshold, allowing for the recovery of the heading angle of the vehicle without encoun-
tering singularities, regardless of the actual velocity. (C) Comparison of velocity, steer angle, and steer angle rate curves between our trajectory and the trajectories 
generated by DFB under different parameters. The black dotted lines in the graphs represent the dynamic constraints.
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larger nonsingular velocity set to 1.0 m/s could avoid singularity is-
sues, it introduced discontinuity during motion, resulting in severe 
vibrations of mechanical components. In contrast, our method con-
sistently exhibited good numerical stability, ensuring smooth veloc-
ity profiles and robust convergence to dynamically feasible solutions. 
The kinematic infeasibility of the trajectory or abrupt changes in 
velocity can hinder the effective execution of the trajectory by lower-
level controllers, leading to increased tracking errors and collision 
risks. To demonstrate this point, we introduced a model predictive 
control (MPC)–based controller to measure this error. On the basis 
of the statistical data provided in the “Details of the backend trajec-
tory optimization in comparative experiments” section in Supple-
mentary Results, the proposed method achieved a 38.2% reduction 
in the maximum position tracking error and a 57.7% reduction in 
the maximum angle tracking error compared with the baseline 
DFB, improving the reliability and completeness of the entire navi-
gation system.

Large-scale outdoor maze experiment
The proposed system completed large-scale navigation tasks in a 
complex environment.  Figure  5A depicts a vast and structurally 
complex maze area, approximately 50 m by 25 m in size, with mul-
tiple corners and winding passages. For the experiment, we con-
structed a point cloud map for the system’s planning with light 
detection and ranging (LIDAR). Our system performed rapid and 
successful front-end path planning, which then served as a guide 
for real-time back-end optimization, calculating trajectories that 
considered the nonholonomic kinematics of the robot. As shown 
in Fig. 5B, we used Direct Drive’s Diablo as the experimental plat-
form. This platform was equipped with an NVIDIA Jetson Xavier as 
the onboard processor and an Ouster LIDAR with an integrated in-
ertial measurement unit (IMU) for real-time localization (49).

We tested the capability of the system to rapidly plan trajectories in 
the complex maze. Figure 5 (C to E) illustrates the real-time position 
and orientation with our proposed front-end model guiding globally. 
Diablo quickly navigated through the lateral winding passages (15 to 
40 s), straight long corridors (50 to 70 s), and vertical winding pas-
sages (90 to 120 s) of the maze, eventually reaching the destination, 
covering a total displacement of approximately 150 m. We designed a 
maze dataset with domain randomization for front-end model train-
ing (50, 51), which included 60,000 maze environments, each with 50 
paths. This model was deployed directly on the onboard platform, and 
the onboard inference time was only 25 ms. Using the network infer-
ence results as initial values, we performed real-time refinement by 
applying the back-end trajectory optimization method. Considering 
the discrepancies between the previously constructed map and the 
real environment, along with the potential presence of unknown 
obstacles, relying solely on the general guidance of the network could 
result in unsafe movement. As shown in  Fig.  5F, the robot could 
swiftly avoid previously unconsidered obstacles even during high-
speed motion because of our rapid back-end optimization. Figure 5G 
indicates that the average time for back-end replanning on the 
resource-constrained onboard platform is approximately 40 ms, with 
an average speed of 1.3 m/s for each replanned trajectory.

DISCUSSION
This study presents a hierarchical approach that integrates the spa-
tial extraction capabilities of the neural network with the robust 

convergence of numerical optimization. This complementary sys-
tem enables the efficient and stable generation of high-quality tra-
jectories in diverse environments, mirroring the human intuition of 
initial global guidance followed by continuous adjustments.

For front-end path planning, we designed a neural network to 
generate paths directly from environmental data, eliminating the 
need for extensive sampling. The comparative experiments shown 
in  Fig.  2 demonstrated the superior efficiency and stability of 
the proposed method over traditional algorithms, even in complex 
environments. Ablation studies showed that our image-domain 
network modeling reduced loss by 45% compared with the 
baseline, detailed in the “Ablation experiments regarding the 
network architecture” section of the Supplementary Results. For 
the back end, we designed a bilayer polynomial-based trajectory 
optimization to further refine the front-end output into a fully 
constraint-compliant and smooth trajectory. Notably, our back-end 
optimization algorithm combines the efficiency of flat-based meth-
ods and eliminates singularities to enhance numerical stability, 
ensuring reliable convergence to feasible solutions even in ex-
treme scenarios. The experimental analysis presented in Table 1 
and Fig. 4C reveals that the proposed method demonstrates stable 
and robust performance.

Compared with learning-based methods, traditional algorithms 
are resolution complete, meaning that with sufficiently high resolu-
tion, adequately considered kinematic dimensions of the robot, and 
an infinite number of samples, they are theoretically guaranteed to 
find an optimal feasible solution (13). However, in practical applica-
tions, the vast number of samples imposes a computational and 
memory burden, and the high-dimensional configuration space 
search or sampling leads to a combinatorial explosion. Our learning-
based approach does lack theoretical proof of completeness, yet 
experiments showed that it performed exceptionally well in envi-
ronments similar to its training set. In the “Generalization perfor-
mance tests” section of the Supplementary Results, we tested the 
model in entirely new environments, where the success rate dropped 
by approximately 20%, yet it still maintained a 76.5% success rate in 
the worst-case scenarios. This outcome can be attributed to the net-
work’s ability to potentially extract latent features that are similar to 
those in the training set, offering the possibility of accurately inter-
preting the environment even in unfamiliar settings.

The primary challenge in real-world deployment arises from the 
domain shift between simulation and reality. First, unlike the clean 
and deterministic conditions of simulation, real-world environments 
are inherently more complex and diverse, often exhibiting various 
uncertainties such as sensor noise and map occlusions. These factors 
can obscure or distort the actual geometry of the environment, mak-
ing it much more difficult for the planner to identify feasible paths. 
Besides, such uncertainties may even arise in unforeseen ways, causing 
the robot’s current observations to fall outside the training distribution 
and ultimately degrading model performance. Second, unexpected 
corner cases may occur in real-world scenarios where the distribu-
tion of obstacle shapes and structures differs substantially from that 
in simulation, potentially exposing the model to map configurations 
it has not encountered during training and further degrading its per-
formance. To narrow the sim-to-real gap, we used domain random-
ization (51–53) to augment and diversify the training data, thereby 
enhancing the robustness and generalization capability of the net-
work. Furthermore, future work will focus on developing higher-
fidelity scene simulators (54) and incorporating multimodal semantic 
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information into the planner to enhance environmental understand-
ing and robustness to inaccuracies.

In application, our planner is goal-directed, making it inherently 
suited to serve as a foundational module for task-oriented systems. 
This characteristic allows it to be easily integrated into various 
higher-level applications, such as autonomous exploration, precise 
tracking, and complex search and rescue missions, in which the tar-
get points are provided by a decision-making module, thereby en-
abling seamless coordination and execution of the tasks.

The proposed approach does have some limitations. Careful ad-
justment of the weights assigned to multiple losses is required, which 
can be a time-consuming process. Moreover, our model currently 
lacks consideration for multimodal characteristics, and to mitigate 
the risk of falling into infeasible local optima that this issue may 
cause, we devised the following strategies. First, we improved the op-
timality of the ground truth data used for supervision through high-
resolution search or sampling and further back-end optimization. 
Second, during training, we introduced task-specific unsupervised 

Fig. 5. Large-scale outdoor maze experiment. (A) Sequential snapshots showing Diablo navigating through a complex maze. (B) Snapshots of Diablo. (C) A long straight 
corridor. (D) A lateral winding maze. (E) A vertical winding maze. (F) A schematic diagram of back-end optimization. (G) Bar chart showing the results of trajectory optimi-
zation. (H) States of the robot during maze navigation.
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losses, such as nonholonomic kinematics loss and obstacle avoidance 
loss, to guide the paths away from local minima and further distance 
them from obstacles. Third, we structured our method as a hierarchi-
cal framework. The proposed efficient and robust back-end optimi-
zation refines paths into high-quality feasible trajectories in most 
cases. Enhancing multimodality is beneficial for exploring the solu-
tion space more thoroughly, thereby improving global optimality. A 
promising improvement would be to incorporate advanced genera-
tive models (26, 27, 55). However, these methods may face a trade-off 
between generation quality and computational efficiency and often 
rely on sufficient training samples because of the need for a detailed 
understanding and modeling of data distributions. Future advance-
ments from the artificial intelligence (AI) community and hardware 
(56) hold great potential to address these issues, which is also one of 
our research goals moving forward.

MATERIALS AND METHODS
Neural path planning
Problem encoding
Our learning-based path planner inputs the navigation start and 
goal state 

(

x1, xN

)

 , as well as the grid-based environment ε of size 
H × W, and directly outputs a path p =

{

x
p

1
, … , x

p

i
, … , x

p

N

}

 serial-
ized as a sequence of multiple state points. Here, the resolution of 
each grid is defined as rs. Moreover, each state point in the path is 
associated with the ��(2) state of the robot, which includes its posi-
tion and orientation angle in two-dimensional (2D) space (57). Fur-
thermore, ε is typically represented by a Euclidean signed distance 
field (ESDF) (58) where each element represents the signed distance 
from obstacles at that location. Inspired by the work (19), we ad-
opted a start-goal encoding strategy by highlighting patches on a 
tensor of size H × W. Specifically, we assigned a value of −1 to the 
patch representing the start point and a value of 1 to the patch rep-
resenting the goal point. The remaining positions in the tensor were 
set as 0. To fully represent the ��(2) space, we introduced two ad-
ditional H × W tensors to capture the cosine and sine values of the 
robot orientations at the start and goal locations. Specifically, one 
tensor represents the cosine values for the patches corresponding to 
the starting and target points, whereas the other tensor represents 
the sine values. In particular, the aforementioned representations of 
the environment and the start and goal ��(2) states are concatenated 
to form a 4 × H × W tensor shown in Fig. 6A, which serves as the 
input to our network.
Neural network architecture
Our network comprises three main components: the feature extrac-
tion layer (FEL), the global distribution layer (GDL), and the local 
correction layer (LCL), as illustrated in Fig. 6. In practice, directly 
localizing the position of a specific state point within the environ-
ment is challenging and labor intensive (59). Therefore, drawing in-
spiration from the region-based convolutional neural network 
(R-CNN) (60), our network follows a two-stage inference architec-
ture. Initially, ε is uniformly partitioned into Hl × Wl region propos-
als, where each region proposal corresponds to a block of size 
H

Hl

×
W

Wl

 in the environment. The center point of each region pro-
posal is designated as an anchor point. Subsequently, we used GDL 
to obtain the probability distribution of each state point with respect 
to the region proposals. This step involves estimating the coarse spa-
tial distribution of the point. Next, by leveraging the LCL, we further 
obtained the accurate position of the state point on the basis of the 

environmental features and the probability distribution obtained 
earlier. Intuitively, we aimed to first approximately determine the 
region proposal in which each state point resides and then regress its 
positional offset relative to the anchor, thereby recovering the global 
position of the point.
Computation stream
First, Fig. 6B illustrates the use of the FEL to encode the path plan 
problem into a high-dimensional latent space, and the size of this 
latent feature  is downsampled to d × Hl × Wl to match the shape 
of the probability distribution of the region proposals. Here, d rep-
resents the user-defined dimension of the latent features. Figure 6C 
demonstrates the subsequent input of  into the GDL, resulting in 
the probability distribution map  over the region proposals for N 
points along the path, with a size of N × Hl × Wl. Here, we denote 
the probability of the ith point belonging to the (j, k)th region as 
ϱi,j,k . Moreover, it is evident that these probabilities satisfy the prin-
ciple of probability normalization

The probability distribution  and latent features  are con-
catenated and fed into the LCL, which produces a tensor  of size 
3N × Hl × Wl, as shown in Fig. 6D. The physical meaning of this 
tensor  is to assign an orientation angle bθ

i,j,k
 and positional offsets (

bx
i,j,k

, b
y

i,j,k

)

 relative to the anchor for each region. Instinctively, we 
selected the region with the highest probability from  and ob-
tained the corresponding positional offset and orientation angle 
from  to accurately recover the �� (2) state of any point along the 
path. However, the operation of selecting the region with the high-
est probability is nondifferentiable, posing challenges for training. 
Consequently, we used a weighted summation based on  to com-
pute the state of any point, thus enabling differentiability and fa-
cilitating effective training

where ( rp
x,i
, r

p

y,i
 ) and θp

i
 denote the position and orientation angle of 

the ith state point, respectively. r̂p
x,i

 and r̂p
y,i

 denote the weighted sum 

Hl−1
∑

j=0

Wl−1
∑

k=0

ϱi,j,k = 1 (1)

r
p

x,i
= r̂

p

x,i
+ r̃

p

x,i (2)

r̂
p

x,i
=

Hl−1
∑

j=0

Wl−1
∑

k=0

ϱi,j,k
(

j+0.5
)

rs, r̃
p

x,i
=

Hl−1
∑

j=0

Wl−1
∑

k=0

ϱi,j,kb
x
i,j,k

r
p

y,i
= r̂

p

y,i
+ r̃

p

y,i (3)

r̂
p

y,i
=

Hl−1
∑

j=0

Wl−1
∑

k=0

ϱi,j,k(k+0.5)rs, r̃
p

y,i
=

Hl−1
∑

j=0

Wl−1
∑

k=0

ϱi,j,kb
y

i,j,k

θ
p

i
=

Hl−1
∑

j=0

Wl−1
∑

k=0

ϱi,j,kb
θ
i,j,k

,∀i∈{1, … ,N} (4)
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of anchor positions based on the probability distribution  , which 
can also be regarded as the output of the GDL. Here, we define the 
rough path comprising 

(

r̂
p

x,i
, r̂

p

y,i

)

 as p̂ for simplicity. On the other 
hand, r̃p

x,i
 and r̃p

y,i
 refer to the weighted sum of positional offsets 

based on  , which aim to correct p̂ and improve its overall quality 
to get p . Moreover, to mitigate outliers and increase smoothness, we 
used a sliding window to filter the mean along the aforemen-
tioned path p.

As illustrated in Fig. 1, we desired to plan a path that can learn 
the behavior policy of the ground truth and satisfy the fundamental 
constraints of nonholonomic motion and obstacle avoidance. There-
fore, our loss function  comprises supervised terms that mimic the 
ground truth and unsupervised terms that purely measure the valid-
ity of the path

where w∗ denotes the weight corresponding to each loss. These cus-
tomized unsupervised loss terms enable the network to better un-
cover latent causal relationships in the training data (61). Here, ce 
denotes the loss in anchor point classification. Because we modeled 
the role of the GDL as a multiclassification problem, ce is used to 
maximize the probability of the region containing the ground truth 

point. mse is the path supervision loss, which is used to supervise 
the mean square error between the ��(2) states of the points on the 
output path and their corresponding ground truth values. smo de-
notes the smoothness loss used to enhance the smoothness of the 
planned path. hol denotes the nonholonomic dynamic loss that em-
phasizes the alignment between the direction of the line connecting 
adjacent points and the direction of the orientation angle. cur de-
notes the loss of curvature constraint that penalizes exceeding the 
specified curvature threshold. uni denotes the uniform loss, which 
is applied to encourage a more uniform spatial distribution of points 
along the path. This is achieved by penalizing the variance of the 
positions of the points in the space. obs denotes the obstacle avoid-
ance loss, which is used to penalize potential collisions with obstacles. 
The specific rigorous mathematical expressions and corresponding 
weights for each loss can be found in the “Parameters and experi-
mental details for benchmarks in front end path planning” section 
in the Supplementary Results.

Bilayer trajectory optimization
Remapping of differential flat models
The characteristic of differentially flat systems is their ability to ana-
lytically represent the state of a system using a combination of flat 
outputs and their finite-dimensional derivatives. Here, we considered 
the example of Ackermann kinematics (62), as shown in Fig. 7A. By 
selecting the flat outputs σ≔

(

px , py
)T as the position at the center 

=wcece+wmsemse+wsmosmo+

wholhol+wcurcur+wuniuni+wobsobs

(5)

Fig. 6. Front-end architecture. The yellow circles containing “C” represent concatenation operators. (A) Input of the network. (B) FEL, where a transformer encoder ex-
tracts high-level features. (C) GDL. This layer infers a probability distribution over the path based on the geometric structure of the environment. The selection module 
implies the weighted computation of the anchor positions based on the probability distribution  . (D) LCL. This layer generates the position and yaw of the path from the 
predicted distribution.
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of the rear wheels, the other high-order states of the robot during 
forward motion can be expressed as follows

where σ̇∣t , σ̈∣t , and σ⃛∣t denote the first, second, and third derivatives 

of the flat output with respect to time, respectively. B ≔

[

0 −1

1 0

]

 

denotes an auxiliary antisymmetric matrix for computational con-
venience. Besides, v is the longitudinal velocity with respect to the 
body frame of the vehicle, a denotes the longitudinal acceleration, ϕ 
denotes the steering angle of the front wheels, ω denotes the steer 
angular velocity, and L denotes the wheelbase.

Although leveraging differential flatness can accelerate the opti-
mization process, it is noteworthy that when the velocity approaches 
zero, certain states such as Eqs. 7 and 8 can encounter singularities. 
However, we introduced a pseudo arc to indirectly derive the flat 
model that fundamentally eradicates the singularity issues

where s ∈ ℝ
+ is the pseudo arc. Then, based on the scale-time map-

ping, the finite-dimensional derivative of the flat output can also be 
derived as follows

where γ̇∣s, γ̈∣s , and γ⃛∣s denote the first, second, and third derivatives of 
the flat output with respect to pseudo arc, respectively. Notably, σ̇∣t 
denotes the actual motion velocity of the robot, and γ̇∣s is defined as 
the pseudovelocity. Moreover, the physical meaning of ṡ∣t ≥ 0 is the 
magnitude of velocity along the pseudo arc.

We substituted Eqs. 10 to 12 in Eqs. 6 to 8, thus modifying the 
differential flatness model. Taking ϕ and ω as examples, they are 
redefined as follows

When the robot velocity is zero, we can set ṡ∣t to zero and keep 
pseudovelocity γ̇∣s as nonzero. Consequently, the denominators 
in Eqs. 13 and 14 are strictly positive, thereby eliminating the original 
singularity point. Next, we provided a detailed description of the para-
metric form of σ(t) = γ(s(t)) based on bilayer piecewise polynomials.
Bilayer polynomial-based trajectory representation
To ensure sufficient degrees of freedom and smoothness, we parame-
terized γ(s) and s(t) using piecewise polynomials, thereby establishing a 
compact nonlinear optimization problem. We formulated the trajectory 
γ(s) as an M-piece polynomial with degree D = 2u – 1, which is parame-
terized by pseudo arc δs =

(

δs1, … , δsM
)T

∈ ℝ
M corresponding to 

each piece and coefficient matrix cp =
(

(

c
p

1

)T
, … ,

(

c
p

M

)T
)T

∈ ℝ
2Mu×2 . 

Besides, u denotes the control dimension. Similarly, pseudo arc s(t) is 
represented as a 1D and time-uniform M-piece polynomial, parameter-
ized by the time interval for each piece δT and coefficient matrix 

c
s =

(

(

c
s
1

)T
, … ,

(

c
s
M

)T
)T

∈ ℝ
2Mu . Moreover, we considered a strict 

correspondence between each piece of the bilayer piecewise polynomi-
als such that for every time interval δT, the robot should traverse the 
corresponding pseudo arc

v = ‖σ̇∣t‖2, θ = arctan2
�

σ̇y∣t , σ̇x∣t
�

(6)

a =
σ̈T
∣t
σ̇∣t

‖σ̇∣t‖2
,ϕ = arctan

�

σ̈T
∣t
Bσ̇∣tL

‖σ̇∣t‖
3
2

�

(7)

ω = L
σ⃛T
∣t
Bσ̇∣t‖σ̇∣t‖

3
2
− 3σ̈T

∣t
Bσ̇∣t σ̈

T

∣t
σ̇∣t‖σ̇∣t‖2

‖σ̇∣t‖
6
2
+
�

σ̈T
∣t
Bσ̇∣tL

�2 (8)

σ = γ(s), s = s(t) (9)

σ̇∣t = γ̇∣s ṡ∣t (10)

σ̈∣t = γ̇∣s s̈∣t + ṡ2
∣t
γ̈∣s (11)

σ⃛∣t = s⃛∣t γ̇∣s + 3ṡ∣t γ̈∣s s̈∣t + ṡ3
∣t
γ⃛∣s (12)

ϕ = arctan

�

γ̈T
∣s
Bγ̇∣sL

‖γ̇∣s‖
3
2

�

(13)

ω = L
γ⃛T
∣s
Bγ̇∣s‖γ̇∣s‖

3
2
− 3γ̈T

∣s
Bγ̇∣sγ̈

T

∣s
γ̇∣s‖γ̇∣s‖2

‖γ̇∣s‖
6
2
+
�

γ̈T
∣s
Bγ̇∣sL

�2
ṡ∣t (14)

s(i∗δT) =

i
∑

j=1

δsj, ∀ i ∈ {1, 2, 3, … ,M} (15)

Fig. 7. Back-end mechanism. (A) Ackermann vehicle model. (B) Visualization of bilayer trajectory representation. Flat output γ is represented by a piecewise polynomial 
parameterized by the pseudo arc s. Similarly, pseudo arc s is also represented by a piecewise polynomial parameterized by time t.
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On the basis of the above modeling, the ith piece of γi is repre-
sented as follows

where β(x)≔
(

1, x, x2, … , xN
)T denotes a natural basis function. 

Moreover, due to the strict correspondence between each piece of 
the bilayer polynomials, we could further derive the following equa-
tion from Eq. 15

where s1(0) is set as 0. Furthermore, the M-piece polynomial γ is 
obtained as follows

To facilitate an intuitive understanding, we visualized the trajectory 
representation of the bilayer polynomial, as illustrated in Fig. 7B. With 
motion feasibility constraints, the minimum control effort problem 
based on the modified flatness model in Eqs. 13 and 14, incorporat-
ing first-order temporal regularization, is formulated as a nonlinear 
constrained optimization

subject to

where ρ ∈ ℝ
+ denotes a user-defined weight for the time regulariza-

tion term to restrict the total duration Ts. Equation 20 is the bound-
ary condition representing the initial and final state constraints of 
the trajectory. Equation 21 is the continuity constraint at the junc-
tions of the piecewise polynomials. Equation 22 is a minimum pseu-
dovelocity constraint introduced to avoid singularities, where α is a 
threshold value. Equation 23 is the positive-definite constraint on 
pseudovelocity.  encompasses the common inequality constraints 

considered in trajectory planning problems, including dynamic fea-
sibility and obstacle avoidance constraints. To solve the constrained 
nonlinear optimization problem, we applied the minimum energy 
condition of the trajectory (43) to reformulate the original problem 
as Eqs. 19 to 24 and eliminated its equality constraints in Eqs. 20 
and  21 without sacrificing optimality. Subsequently, we used the 
augmented Lagrange multiplier method (63) to relax the inequality 
constraints in Eqs. 22 to 24. This method iteratively updates the dual 
variables while solving the approximate unconstrained problem 
using the highly effective limited-memory Broyden-Fletcher-
Goldfarb-Shanno algorithm (64). Furthermore, to enhance both the 
efficiency and accuracy of the solution, we analytically derived the 
gradients of the objective function and constraints with respect to 
the optimization variables. Detailed solution procedures are pre-
sented in the “Gradient backpropagation chain trajectory optimiza-
tion” section of the Supplementary Methods.

Statistical analysis
We applied several statistical visualization methods to assess and 
compared experimental results: box and violin plots (Figs. 2B and 
3C), line charts (Figs. 3B and 4C), and bar graphs (Figs. 2B and 5G). 
The violin and box plots were overlaid to jointly convey both the 
detailed distribution and summary statistics of each group. The vio-
lin plots represent the probability density of the data via kernel 
density estimation, with the width indicating the concentration of 
values at different levels. Line charts were used to illustrate the tem-
poral evolution of key variables. Bar charts display the mean perfor-
mance across conditions. Vertical error bars in Fig. 2B represent the 
95% confidence interval (CI) of the mean. To compute the CI, we 
first calculated the SEM and then applied the standard normal ap-
proximation to estimate the 95% CI as

with α = 0.05 and z1–α/2 ≈ 1.96. Here, x is the sample mean, s is the 
sample SD, and n = 1000 is the sample size.
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si(t)≔
(

c
s
i
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β(t),∀t∈[0, δT]
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